Abstract The anomalous trilinear gauge couplings of Z and γ are studied in e + e − → ZZ/Zγ with longitudinal beam polarizations using a complete set of polarization asymmetries for Z boson. We quantify the goodness of the beam polarization in terms of the likelihood and find best choice of e − and e + polarizations to be (+0.16, −0.16), (+0.09, −0.10) and (+0.12, −0.12) for ZZ, Zγ and combined processes, respectively. Simultaneous limits on anomalous couplings are obtained for these choices of beam polarizations using Markov-Chain-Monte-Carlo (MCMC) for an e + e − collider running at √ s = 500 GeV and L = 100 fb −1 . We find the simultaneous limits for these beam polarizations to be comparable with each other and also comparable with the unpolarized beam case.
Introduction
Gauge boson sector in the Standard Model (SM) remains uncharted even after the discovery of Higgs boson [1] at LHC. Gauge boson self couplings (trilinear and quartic), gauge boson couplings to Higgs, Higgs self couplings, which are the key area to understand the Electro Weak Symmetry Breaking (EWSB), have no precise measurements and need serious attention. Future International Linear Collider (ILC) [2] [3] [4] will be a precision testing machine [5] which will have the possibility of having polarized initial beams. Two type of polarization, namely longitudinal and transverse, for both initial beams (e − and e + ) will play an important role in precise measurement of various parameters, like coupling among gauge boson, Higgs coupling to top quark, Higgs coupling to gauge boson. Beam polarization has the ability to enhance the relevant signal to background ratio along with the sensitivity of observables [5] [6] [7] [8] [9] . It can also be used to a email:rr13rs033@iiserkol.ac.in b email:ritesh.singh@iiserkol.ac.in separate CP-violating couplings from CP-conversing one [5, [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] if CP-violation is present in the nature. These potentials of the beam polarizations has been explored, for example, to study τ polarization [11] , top quark polarization [20] and its anomalous couplings [21] , littlest Higgs model [22] , WWV couplings [6, 7, 23] , Higgs couplings to gauge bosons [24] [25] [26] [27] .
Here we use beam polarizations (longitudinal only) to study anomalous trilinear gauge boson self couplings in the neutral sector using the complete set of polarization observables of Z boson [28] [29] [30] in the process e + e − → ZZ/Zγ. The anomalous couplings among neutral gauge boson have been studied earlier with unpolarized beam in [31] [32] [33] [34] [35] [36] [37] [38] as well as with polarized beams [15-17, 19, 39-44] . Some of these studies have used a given beam polarizations to enhance sensitivity of observables while others have used two different set of beam polarization to construct observables. We follow the former method and quantify the likelihood based goodness of the choice of beam polarizations.
For the process of interest the anomalous triple gauge boson couplings is given by the Lagrangian [28, 40] ,
The coupling f V i s appear in the ZZ process while h V i s appear in Zγ process. Among these couplings f V 4 and h V 1 are CPodd while others are CP-even. These anomalous couplings have been recently probed at LHC [45, 46] . The available best limit from LHC are | f V i | ∼ 3 × 10 −3 [45] and |h V i | ∼ 9 × 10 −4 [46] . Rest of the paper is organized as follows. In section 2 we discuss basic formulations and the Z boson polarization observables. In section 3 we study beam polarization dependence of sensitivity and likelihood. We define a measure of goodness for the choice of beam polarizations and study ZZ/Zγ processes to obtain the best choices. The best simultaneous limits are presented for a set of beam polarizations. We conclude in section 4.
Beam polarization and polarization observables
The polarization density matrices for e − and e + beams are given by, P e − (λ e − , λ e − ) = 1 2
P e + (λ e + , λ e + ) = 1 2
where η 3 and η T (ξ 3 and ξ T ) are longitudinal and transverse polarization of e − (e + ) with δ being the azimuthal angle between two transverse polarizations. The positive x-axis is taken along the transverse polarization of e − and positive z-axis along its momentum. The density matrix for the production of Z boson in the above process (Fig. 1 ) would be,
We note that different helicities can take following values:
and λ e ± , λ e ± ∈ {−1, 1}.
For the present work we restrict ourselves only to the longitudinal beam polarizations, i.e. η T = 0 = ξ T . With chosen beam polarizations we construct the complete set of 8 polarization observables for the Z boson along with total cross-section in the processes e + e − → ZZ/Zγ. These polarization observables can be obtained analytically from the production process as well as from asymmetries constructed from decay distribution of the particle. The polarization observables consist of a 3 component vector polarization P ≡ (P x , P y , P z ) and a traceless symmetric rank-2 tensor T i j (i, j = x, y, z) with 5 independent component T xy , T xz , T yz , T xx − T yy and T zz . The asymmetries in the collider or in a Monte Carlo event generator corresponding to P i 's and T i j 's are {A x , A y , A z } and {A xy , A xz , A yz , A x 2 −y 2 , A zz }, respectively. The asymmetries A z , A xz , A yz are zero in SM and even with polarized beam in both the processes owing to forward backward symmetry of produced Z in these processes. To make these asymmetries non-zero we redefine the polarization observables O ∈ {P z , T xz , T yz } as:
where c θ 0 is the beam pipe cut and Comb(O, σ (λ , λ )) is the combination of production density matrix corresponding the polarization observable O (see Ref. [28] ). For example, with O = P z one has
and the corresponding modified polarization is given by
The asymmetries A z corresponding to the modified polarization P z is given by:
Similarly A xz and A yz related to T xz and T yz are modified as
Redefining these asymmetries increases the total number of the non-vanishing observables to put simultaneous limit on the anomalous coupling and we expect limits tighter than reported earlier in Ref. [28] . The total cross-section (or total number of events) of a process plays an important role determining the sensitivity and the limits on the anomalous couplings. Tighter limit on the anomalous couplings can be obtained if the crosssection can be enhanced. Beam polarization can enhance the cross-section and hence it is important to see how it depends on beam polarization. Fig. 2 shows the dependence Fig . 2 The SM cross-section (in fb) for the process e + e − → ZZ/Zγ as a function of longitudinal beam polarizations η 3 (for e − ) and ξ 3 (for e + ) at √ s = 500 GeV.
of cross-sections σ ZZ and σ Zγ on longitudinal beam polarizations η 3 and ξ 3 at √ s = 500 GeV. The asterisk mark on the middle of the plots represents the unpolarized case. We notice that cross-section in both the processes are larger for negative value of η 3 and positive value of ξ 3 . Sensitivity on cross section is expected to be high in the left-top corner of the η 3 − ξ 3 plane. This would convince us to set beam polarizations at the left-top corner for analysis. But cross-section is not the only observable, the asymmetries have different behavior on beam polarizations. For example, A x peaks at the right bottom corner, i.e. opposite behavior compared to cross-section, while A z has similar dependence as cross-section on the beam polarizations in both the processes. Processes involving W ± are also expected to have higher cross-section at the left-top corner of η 3 − ξ 3 plane as W couple to the left chiral electron. Anomalous couplings are expected to change the dependence of all the observables, including cross-section, on the beam polarizations. To explore this we study the effect of beam polarizations on sensitivity of cross-section and other observables to anomalous couplings in the next section.
Sensitivity, likelihood and the choice of beam polarizations
Sensitivity of an observables O depending on anomalous couplings f with a given beam polarizations η 3 and ξ 3 is given by,
The estimated error to cross-section would be,
where as the estimated error to asymmetries would be,
Here L is the integrated luminosity, ε σ and ε A are the systematic fractional error in cross-section and asymmetries respectively. In these analysis we take L = 100 fb −1 , ε σ = 0.02 and ε A = 0.01 as a benchmark. We study the sensitivity of all the observable and their dependence on beam polarizations at √ s = 500 GeV. Choosing a benchmark value for anomalous couplings to be
we show the sensitivities for σ , A xy and A yz in Fig. 3 as a function of beam polarizations. The sensitivities for crosssection and A yz peak at the left top corner of the plots. For A xy sensitivity peaks at the right bottom corner it is not much smaller in the left-top corner either. The sensitivities of all other asymmetries (not shown here) except A z peaks at the left top corner although the exact dependence on beam polarization may differ. Thus, the combined sensitivity of all the observables is high on the left top corner of the polarization plane making (η 3 , ξ 3 ) = (−0.8, +0.8) the best choice for the chosen benchmark coupling. This best choice, however, strongly depend upon the values of the anomalous couplings. We note that the best choice of the beam polarization is mainly decided by the behavior of the cross-section because most of the asymmetries also have similar dependence on the beam polarizations. This, however, does not mean that cross-section provides best sensitivity or the limits. For example, in Fig. 3 we can see that A yz has better sensitivity than the cross-section. For the Zγ process with for the benchmark point
one obtains similar conclusions: Sensitivities of all observables peak at left top corner of η 3 − ξ 3 plane (not shown) except for A z . For a complete analysis we need to use all the observable simultaneously. To this end we define a likelihood function considering the set of all the observables depending on anomalous coupling f as,
i runs over the set of observables in a process. Maximum sensitivity of observables requires the likelihood to be minimum. The likelihood defined here is proportional to the pvalue and hence best choice of beam polarizations comes from the minimum likelihood or maximum distinguishability. The beam polarization dependence of the likelihood for the ZZ process at the above chosen anomalous couplings is given in Fig. 4(a) . The minimum of the likelihood falls in the left top corner of the η 3 − ξ 3 plane as expected as most of the observables has higher sensitivity at this corner. and they have different dependence on η 3 , ξ 3 . Here we present likelihood for three different choice of anomalous couplings in Fig. 4 . In Fig. 4(b) , the minimum of the likelihood falls in the right bottom corner where most of the observables have higher sensitivity. In Fig. 4 (c) low likelihood falls in both the diagonal corner in η 3 − ξ 3 plane. This is because some of the observables prefers left-top corner while others prefers right-bottom corner of the polarization plane for higher sensitivity. We have the similar behavior for the likelihood in the Zγ process as well.
As the anomalous couplings change, the minimum likelihood region changes accordingly and hence the best choice of beam polarizations. So the best choice for the beam polarizations depends on the new physics in the process. If one knows the new physics one could tune the beam polarizations to have the best sensitivity for the analysis. But in order to have a suitable choice of beam polarizations irrespective of the possible new physics one needs to minimize the likelihood averaged over all the anomalous couplings. The beam polarizations with the minimum averaged likelihood is expected to be the average best choice for any new physics in the process. The likelihood function averaged over a volume in parameter space would be define as,
where V f is a volume in the parameter space (f). Here we choose the volume to be a hypercube in the 4 dimensional parameter space with sides equals 2×0.01 (much larger than the available limits on them) in both the processes. Contribution to the average likelihood from the region outside this volume is negligible. The averaged likelihood L(V f , {O}; η 3 , ξ 3 ) in the ZZ process as a function of beam polarization is shown in Fig. 5 on log-scale. The dot on the middle of the plot represents the unpolarized case and the cross mark at P ZZ = (+0.16, −0.16) represents the minimum averaged likelihood point i.e., the best choice of beam polarizations. This choice is not much far away from the unpolarized case. The unpolarized point, the best point and the points near them have same order of average likelihood and expected to give similar limits on anomalous couplings. To explore this we estimate simultaneous limits using Markov-Chain-Monte-Carlo (MCMC) method at P ZZ , unpolarized beam and few other benchmark choice of beam polarization. The limits thus obtained on the anomalous couplings for the ZZ process are listed in Table 1 . We note that the limits for the best choice of polarizations (P ZZ ) are best but comparable to other nearby benchmark beam polarization including the unpolarized beams. This is due to the average likelihood is comparable for these cases. We also note that the limits for unpolarized case in Table 1 are better than the ones reported in Ref. [28] , when adjusted for the systematic errors. This improvement we get here is due to inclusion of three new non-vanishing asymmetries A z , A xz and A yz . Of these, A xz has linear dependence on f γ,Z 5 with larger sensitivity to f Z 5 leading to about 30% improvement in the limit. Similarly, the CP-odd asymmetry A yz has linear dependence on f γ,Z 4 with larger sensitivity to f Z 4 and this again leads to about 30% improvement in the corresponding limit. The asymmetry A z has quadratic dependence on all four parameters and has too poor sensitivity for all of them to be useful.
We do similar analysis for the Zγ process. The averaged likelihood L(V h , {O}; η 3 , ξ 3 ) is shown in Fig. 6 on log-scale. Here also the dot on the middle of the plot is for unpolarized case while the plus mark at P Zγ = (+0.09, −0.10) is for the minimum averaged likelihood and hence the best choice of beam polarizations. The corresponding simultaneous limits on the anomalous couplings h i is presented in Table. 2. Again we notice that the limits obtained for the best choice of beam polarizations P Zγ are tighter than any other point on the polarization plane yet comparable to the nearby polarization choices, including the unpolarized case. This again is due to the comparable values of averaged likelihood for P Zγ and the unpolarized case. The simultaneous limits for the unpolarized case (also the P Zγ ) turns out to be much better than the ones reported in Ref. [28] for h γ 1,3 due to the inclusions of new asymmetries in the present analysis. The CP-odd asymmetry A yz has dependence on h γ,Z 1 with a large sensitivity towards h γ 1 leading to an improvement in the corresponding limit by a factor of two compare to earlier report when adjusted for systematic errors. The limit on h γ 3 improves by a factor of three owing to the asymmetry A xz . The limits on h Z 1,3 remains comparable. The combine analysis of the processes ZZ and Zγ is expected to change the best choice of beam polarizations and limits accordingly. For the average likelihood for these two processes the volume, in which one should average, will change to V f/h → V F , where F = {f, h} and observables from both the processes should be added to likelihood defined in Eq. 13. The combined averaged likelihood showing dependence on beam polarizations for the two processes considered here is shown in Fig. 7 . The dot on the middle of the plot is for unpolarized case and asterisk mark at P best = (+0.12, −0.12) is the combined best choice of beam polarizations. Other points are due to P ZZ and P Zγ . The combined best choice point sits in between P ZZ and P Zγ . The limits, presented in Table. 1 and 2, at the combined best choice of beam polarizations are slightly weaker than the limit at the best choice points but comparable in both the process as expected. Thus the combined best choice can be a good benchmark beam polarizations for the process ZZ and Zγ to study at ILC.
Similar analysis can be done by combining many processes, as one should do, to choose a suitable beam polarizations at ILC. For many processes (e.g, we can include WW production with anomalous couplings among charged gauge boson) with different couplings the volume, in which one should do the average, will change to V f/h = V F , where F would be set of all couplings for all the processes considered. The set of observables {O} would include all the relevant observable from all the processes combined in the expression for the likelihood. Fig. 7 The log of average likelihood, log[L(V {f,h} , {O}; η 3 , ξ 3 )], is shown considering both the processes ZZ and Zγ at √ s = 500 GeV, L = 100 fb −1 . The asterisk mark at P best = (+0.12, −0.12) is the combined best choice for beam polarizations while the other points are for ZZ (cross mark) and Zγ (plus mark).
Conclusion
To summarize, we aim to find the best choice of beam polarization for an e + e − collider to probe the anomalous coupling in the neutral gauge bosons sector in the ZZ and Zγ processes. We studied the effects of beam polarization on polarization asymmetries and corresponding sensitivities towards anomalous couplings. Using minimum averaged likelihood, we find the best choice of the beam polarization for the two processes and also the combined best choice. Here the list of observables includes the cross-section along with eight polarization asymmetries for the Z boson. Simultaneous limits on anomalous couplings were obtained using MCMC method for a set of benchmark beam polarization including the best choices and they are listed in Tables 1 and 2 . The limits obtained for the unpolarized case are better than the ones reported in Ref. [28] . This is because the present analysis includes three new observables A z , A xz and A yz . These new asymmetries yields better limits on f Z 4,5 and h Tables 1 and 2 , we find that all three best beam polarization choices yield comparable limits and they are comparable to the unpolarized case as well. Thus, as far as anomalous couplings in the neutral gauge boson sector is concerned, unpolarized beams perform as good as the best choices. This conclusion, however, can change if one includes more or different set of observables in the analysis or adds more processes to the analysis. For example, processes involving W ± or a Higgs boson may have a different preference for the beam polarization.
Considering the physics impact and the cost of beam polarizations at ILC one may chose the unpolarized beams for the first run, at least for the two processes studied here. But as we infer a detail global analysis is required involving other processes as well to conclude this. We further note that the case of transverse beam polarization is not addressed here and conclusions may differ in that case.
